The non-local effects induced by Majorana fermions in field theories for condensed matter systems are deeply related to the fermion charge fractionalization discovered by Roman Jackiw in relativistic field theories. We show how the presence of Majorana fermions may be mimicked in pertinent networks of spin chains inducing a spin analogue of the multi-channel Kondo effect. The relevance of this spin analogue of the Kondo effect for networks of Josephson arrays and Tonks-Girardeau gases is highlighted.
Introduction
Low energy neutral fermionic excitations (Majorana modes) , deeply related to the charged fermion zero modes discovered by Roman Jackiw in pioneering topological investigations of relativistic field theories, 1, 2 have been claimed to be relevant in a variety of strongly correlated condensed matter systems, providing new insights also for the investigation of non-Fermi liquid states.
Majorana fermions were first proposed in 1937 by Ettore Majorana 3 who considered a modification to the relativistic Dirac equation for conventional spin-1/2 particles (Dirac fermions) giving purely real (as opposed to complex) solutions. These Majorana fermions are particles coinciding with their own antiparticles since their creation operator is equal to their annihilation operator. In spite of the beautiful simplicity of this idea, Majorana fermions are not easy to come by in nature. One could, for example, decompose a relativistic electron, whose wave equation does have charge conjugation symmetry, into its real and imaginary parts. However, the interaction of the electron with photons is not diagonal in this decomposition. point. 37 Majorana low energy modes are expected to be relevant for applications to topological quantum computing 38 and quantum interferometry 39, 40 and their manipulation is under current investigation. 38, [41] [42] [43] [44] In junctions of quantum wires, Majorana edge modes induce, for various network topologies, remarkable even-odd effects on the tunneling conductance. 45 In addition, Coulomb charging effects cause conductance oscillations and resonances connected to teleportation as well as peculiar finite-bias peaks 46, 47 and may trigger the flow towards exotic Kondo fixed points when the center island has a finite charging energy. 48 Majorana fermions in condensed matter are not fundamental particles. Rather, they are effective degrees of freedom, emerging in the presence of a degeneracy in the ground state which is topologically protected. One paradigmatic example is the Kitaev chain, 19 a tight-binding model for the effectively spinless fermions in 1D p-wave superconductor. In this model, a topologically protected phase (i.e., a phase which cannot be changed by any local operation, and thus robust against interaction with the environment) can be described in terms of a pair of Majorana modes localized at the ends of the chain. Together, they form a non-local fermionic degree of freedom, which can be used to encode a qubit. As a solid-state realization of this model, a set of nanowires with strong Rashba coupling (InAs, InSb), laid on a conventional BCS superconductor (Al, Nb) and subject to a suitably tuned magnetic field can develop Majorana ending modes, 30, 31 for which experimental evidence has been provided (e.g. 18 ).
The setup described above is used in the so-called Majorana-Coulomb box, or topological Kondo model (TKM). 49 It is obtained connecting a set of M effectively 1D wires to a set of nanowires supporting Majorana modes at their ends, hosted on a mesoscopic superconducting substrate with a large charging energy, and subject to an applied voltage potential (see Fig.1 ). At low temperatures, the model is integrable, 50 despite not being 1D. It is possible, via conformal field theory or Bethe ansatz, to compute thermodynamic quantities such as free energy, specific heat and entropy contribution from the central region. 51 It should be noticed that conventional multi-channel Kondo models are difficult to attain, 52 due to the need for a perfect symmetry between the couplings of the spin density from the channels to the spin of the impurity. The TKM provides a shortcut to circumvent this problem, 49 relating the symmetry between the channels to the topological degeneracy characterizing a 1D quantum wire into a topological phase, and associated with the emergence of localized Majorana modes at the edges of the wire.
Neglecting the overlap between Majorana modes lying at the edges of the wire, the authors of 49 showed that the ground state of the wire exhibits a topological degeneracy and that, on coupling M topological quantum wires to a central superconducting island with a finite charging energy, for M ≥ 3, one may realize over screened multi-channel Kondo physics, with the spin of the isolated impurity given by a pertinent combination of the real fermionic operators of the Majorana modes localized at the inner edges. The emerging Kondo Hamiltonian is topological as the central spin is a nonlocal combination of emerging Majorana modes. This allows for a robust realization of multi-channel Kondo physics where the effects of the potentially dangerous anisotropies in the couplings between the spin impurity and the various channels are suppressed due to topology, being irrelevant in the renormalization group flow towards the Kondo regime. 49, 53 Finally, one should observe that the competition between superconductivity and Kondo physics leads to unusual Josephson current-phase relations and to a remarkable transfer of fractionalized charges. 54 Also interesting is the study of the concurrence of entanglement between two quantum dots in contact with Majorana bound states on a floating superconducting island. One finds that the distance between the Majorana states, the charging energy of the island and the average island charge are decisive parameters for the efficiency of the entanglement generation. This leads to the possibility of long range entanglement with distance independent concurrence over wide parameter regions. 55 A different platform for the multi-channel Kondo model has been recently proposed in 56 for a Y -junction of three 1D XX models and by Tsvelik in a Y -junction of three 1D quantum Ising models, in both cases with the 1D chains joined at their inner edges. 53 This proposal, when the relevant parameters are pertinently tuned, is particularly attractive since the behaviour of the uncoupled spin models is known and it provides reliable and effective descriptions of strongly correlated phenomena in condensed matter systems. As a result one may envision to probe the multichannel Kondo effect in a variety of controllable, and yet "topologically robust", experimental settings such as the ones provided by degenerate Bose gases confined in an optical lattice 57, 58 or quantum Josephson junction networks (Refs. [59] [60] [61] and Refs. therein). It should be noticed that spin realizations of multi-impurity 62 and multi-channel 63 Kondo models revealed very useful not only for quantifying the entanglement, 64 but also for characterizing quantum phase transitions. 65 Remarkably, the TKM behavior is that of a non-Fermi liquid. Configurations based on plaquette schemes are probably the simplest way of realizing a topologically protected memory, 66 and, within a surface code, all operations required for quantum computation. These configuration can be realized using as basic unit the Majorana-Coulomb box. 67 Remarkably, the TKM can be realized by a junction of spin chains 57 and it could be obtained in laboratory with the use of holographic optical traps for cold atomic gases, which paves the way of a whole new family of holographic devices. 57 The plan of the paper is the following. Using a pertinently generalized Jordan-Wigner transformation, Section 2 shows how a Y -junction of XY spin chains may be transformed in a fermionic model with a non-trivial boundary term containing Klein factors (KF), i.e. real fermion modes, introduced to ensure the appropriate commutation relations on the Y-graph. Section 3 is meant to clarify how the emergence of real fermion KF opens the possibility to engineer a spin-chain version of the TKM. In addition, one sees that a Y -junction of quantum Ising chains leads to a two-channel version of the topological Kondo effect, while a Y -junction of XX spin chains leads to a four channel Kondo model. Section 4 shows how one can map networks of quantum spin chains -in a pertinent range of parameters -in networks of Josephson junction arrays. In Section 5 one sees how a Y-junction of XX spin chains may be used to describe cold atomic systems in holographic traps. Section 6 summarizes our findings.
To help following the various abbreviations, we list in Table 1 the meaning of the ones we use most commonly throughout the paper. 
Emerging Majorana modes at junctions of quantum spin chains
In this Section we address networks of spin chains with nearest-neighbour magnetic exchange terms in the x-and y-directions in spin space (not necessarely equal to each other); in addition, we alledge for a nonzero uniform magnetic field applied in the z-direction. Specifically, each arm of the network is described by an XY spin-1/2 Hamiltonian given by
In Eq.(1) S j is a quantum spin-1/2 operator acting at site-j of an ℓ-site chain (with ℓ kept finite and eventually sent to infinite at the end of the calculations), obeying the algebra
J is the magnetic exchange strength between spins, H is the applied, uniform magnetic field in the z-direction and γ is the anisotropy parameter of the spin exchange interaction. In the following γ is chosen so that 0 ≤ γ ≤ 1. By tuning γ between the extreme values γ = 0 and γ = 1, the H XY in (1) continuosly interpolates between the quantum Ising chain (QIC) and the XX chain in transverse magnetic field.
To describe a junction of several XY chains, we introduce the boundary Hamiltonian H ∆ , given by
In Eq.(3) the j-th spin of the α-th chain (with α = 1, · · · , M ) is denoted by S j,α = (S x j,α , S y j,α , S z j,α ). In H ∆ , each spin in position j = 1 of a chain α is coupled with all the others spins in the position j = 1 of all other chains β = α. The advantage of the form (3) is that one can safely take the continuous limit in each chain, and the wires are coupled by a tunneling term.
The standard approach to the single chain described by the Hamiltonian (1) consists in mapping X XY onto a quadratic, spinless fermion Hamiltonian via the Jordan-Wigner (JW) transformations. 68, 69 The latter allows for rewriting the quantum spin operators S z j and S ± j , where S ± j = S x j ± iS y j , in terms of spinless lattice operators {a j , a † j } as
In terms of the JW-fermions, one obtains Once written in terms of JW-fermions, from Eq.(5) one has that, for γ = 1, H XY reduces to the Hamiltonian for free fermions on a 1D lattice with a chemical potential −H in the XX-limit, and to the Hamiltonian for a 1D Kitaev model for a p-wave superconductor when γ = 0. 19 Remarkably, while the above JW transformations (4) are sufficient to rewrite the generic XY-Hamiltonian for a single chain in fermionic coordinates, a fundamental problem arises when several chains are connected to each other to form a junction of spin chains. Of course, one should have M ≥ 3, since a junction of two chains can always be mapped onto one chain. Thus, for the sake of simplicity, in the following we shall take M = 3. The network with M = 3 is called a Y -junction of spin chains.
In general, models of Y -junctions have been studied at the crossing of three, or more, Luttinger liquids, 61, [70] [71] [72] [73] [74] [75] [76] [77] [78] in Bose gases in star geometries, [79] [80] [81] and in superconducting Josephson junctions. 61, 74, 82 When introducing more than one chain, the Hamiltonian of the uncoupled chains (henceforth referred to as the "leads"), H (0) , will be given by the sum of many Hamiltonians like the one in Eq.(5). In the specific case of the Y-junction of spin chains (YSC) , one has
where H 0 is the bulk Hamiltonian of the uncoupled chains and H ∆ is the junction Hamiltonian. The bulk Hamiltonian is given by
with α being the chain index, while the junction Hamiltonian H ∆ is given by (3) . Furthermore, in order to obtain the Kondo effect in spin chains, one should assume |J ∆ |/|J| ≤ 1.
The YSC-Hamiltonian H ≡ H (0) +H ∆ provides the natural generalization of the Hamiltonian for a Y-junction of QIC's introduced in Ref. 53 and later on generalized in Refs., 67, 83 to which it reduces for γ = 0, as well as of the Hamiltonian for a Yjunction of three quantum XX-spin chains discussed in Ref., 56 to which it reduces for γ = 1.
In view of the successfull application of the JW-transformation to solving a single XY -chain, one may attempt to look for an appropriate generalization to the YSC of the mapping onto a spinless fermionic model, but a simple-minded generalized JW-representation of the spin coordinates such as
would eventually lead to operators that properly commute with each other, if they belong to the same chain, but such that
The solution to this problem was first put forward in Ref., 56 in analogy to what is done when bosonizing spinful fermionic operators in interacting one-dimensional electronic systems. 84 Basically, one introduces the so-called KF, that is, real fermion modes, one per each chain. In the specific case of the YSC, one has to introduce three KF, η 1 , η 2 , η 3 , obeying the appropriate anticommutation relations with each other and anticommuting with all the other JW-fermion operators used to represent the spin operators in the leads. Specifically, one sets
with α, α ′ = 1, 2, 3.
Using the KF, one modifies Eqs.(8) so as to take into account the commutation relations between the spin operators; that is, one sets 53,56,85
Apparently, the KF are introduced as a mathematical tool to ensure the correct commutation relations between operators acting on sites belonging to different chains. Equivalently, one may just state that their introduction corresponds to an "artificial" enlargement of the Hilbert space, which is yet necessary, in order to recover the correct operator algebra. 56 When joining together the leads into the YSC, the KF conspire to actually interact with the dynamical degrees of freedom of the leads, thus being legitimately promoted to "physical" degrees of freedom of the system, whose presence, or absence, can potentially strongly affect the behavior of the junction. Thus, in this respect, they can definitely be regarded as "emerging real-fermion degrees of freedom", that is, as emerging Majorana modes, by no means different from the "actual" Majorana modes emerging in e.g. a 1D topological superconductor in its topological phase. 19 Notice that a number of exotic phases has been predicted to emerge in pertinently designed junctions of 1D leads, due to the effect of coupling the "bulk" degrees of freedom of the system to the KF, 73 to the so-called Klein-Majorana hybridization between the two kinds of real-fermion degrees of freedom entering the junction Hamiltonian, 86 or to both phenomena taking place at the same time. 87 Once the generalized JW transformations, Eqs.(10), are inserted into H (0) in Eq. (7), one obtains the fermionic version of the disconnected lead Hamiltonian as
We see that the KF do not appear in the "bulk" lead Hamiltonian in Eq. (11) . At variance, they do appear in the junction Hamiltonian H ∆ in Eq. (3) which, once rewritten in fermionic coordinates, takes the form
In particular, the KF determine the "topological" spin-1/2 operator R, 53, 56 which is given by
It is, indeed, a straightforward check to verify that the components of R satisfy the appropriate su(2)-commutation relation for a spin-1/2 angular-momentum operator. Following the notation of Ref., 85 in Eq. (13) we have also introduced the lattice spin-and isospin-density operators, Σ j , Υ j , defined as
(14) Eqs. (11, 12) are the key result of the generalized JW-transformations applied to a YSC. They evidence the emergence of actual degrees of freedom at the junction (the topological spin R) which, despite being determined by operators originally introduced as a mathematical mean to assure the consistency of the JW-transformations, eventually become true "physical" degrees of freedom
Kondo effect in spin systems and the topological Kondo model
The most striking physical consequences of the emergence of real-fermion KF at a junction of bosonic quantum spin chains is the possibility of using them to engineer spin-chain version of the so-called Topological Kondo effect.
Historically, the Kondo effect was discovered as a low-temperature upturn in the resistivity of conducting metals doped with magnetic impurities. [88] [89] [90] It is determined by the relevance of nonperturbative spin-flip processes due to the magnetic dipole interaction between the spin of a magnetic impurity and of the itinerant conduction electrons in the metal, which, as the temperature goes down, determines the formation of a strongly correlated Kondo state between the impurity and the conduction electrons (the "Kondo cloud"). 88, 89, 91 In the last decades, the development in quantum device fabrication techniques has triggered a novel interest in the Kondo effect, as it has been possible to realize it in quantum dots with metallic, [92] [93] [94] [95] as well as superconducting leads. [96] [97] [98] Of particular relevance is the proposal of realizing the Kondo impurity spin in terms of Majorana fermion modes emerging at the endpoints of one-dimensional quantum wires connected to topological superconductors. Such a peculiar realization of Kondo effect is characterized by the "topological" nature of the impurity spin, each component of which is determined by Majorana modes belonging to different quantum wires (leads). Thus, we see that in such a topological version of Kondo effect (the TKM), the "emerging" magnetic impurity is nonlocal in the lead index. Therefore, disconnecting even a single lead from the junction fully destroys the effect, which is the main signature of the topological nature of the phenomenon. 50, 51, 99, 100 In Refs., 49, 101 it was shown that networks of quantum wires supporting edge Majorana modes 102 provide a possible experimentally attainable realization of the TKM. Subsequently, the spin dynamics, 50 as well as the exact solution for finite number of electrons, 103 were investigated.
Tipically, a TKM is realized at a junction of quantum wires connected to a superconducting island with a finite charging energy E c . In such a system, Coulomb interactions play an essential role for the host superconducting region, since they determine E c . 50, 99 Focusing onto the temperature regime T ≪ E c , one obtains that in all the allowed physical processes at the junction the number of electrons on the island is conserved. Under these conditions, the effective Hamiltonian describing the TKM at low energy scales can be written in the form 99, 101, 104, 105 
The symmetric matrix λ α,β > 0 is the analog of the coupling with the magnetic impurity in the usual Kondo problem. The couplings h α,β = h β,α represent a direct coupling between only a pair of Majorana fermions. These can be made exponentially small when the Majorana zero modes are far enough from each other in real space. For this reason, we shall neglect them henceforth. A related, yet different model, with real spinless fermions in the bulk, has been analyzed in. 106 
Topological Kondo model from a Y-junction of onedimensional spin systems
To prove the mapping between a YSC of three critical chains and a topological Kondo Hamiltonian with M = 3, one starts from Ref. 56 where, by introducing the KF approach to the generalized JW transformation for a junction of quantum spin chains, it was shown that a Y-junction of quantum XX-spin chains in their gapless phase (corresponding to taking the limit γ = 1 in H (0) + H ∆ ) hosts a remarkable realization of the four-channel, spin-1/2 Kondo effect.
In the low-energy, long-wavelength limit for the lead excitations, the Y-junction of quantum XX-spin chains exactly maps onto the Hamiltonian in Eq.(15) for M = 3. In order to see this, one first of all notices that, for γ = 1, one obtains
In the "critical" region, 2J > |H|, the lattice fermions in Eq. (18) show a gapless spectrum (in the ℓ → ∞-limit), thus behaving as gapless free fermions on the leads of the junction. This allows to expand the lattice fermion operators by only retaining low-energy modes around the Fermi momenta of the single-fermion spectrum in each lead, ±k F = ±arccos H 2J . Specifically, one sets
with x j = ja and a being the lattice step (which we will set to 1 henceforth, unless specifically required to do otherwise for the sake of clarity). In terms of the continuum fermion operators at the right-hand side of Eq.(18), one obtains
withv F = 2J cos(k F ). To recover the Hamiltonian in Eq.(15), one should "unfold" the chiral fields by defining 3 right-handed field ψ α (x) such that
Once H γ=1 is rewritten in terms of the unfolded fields in Eq. To pertinently complement our discussion about the realization of the TKM with a YSC, it is worth recalling that a different spin-chain realization of the topological Kondo effect may be realized at a Y-junction of three quantum Ising chains. Indeed, using the approach highlited above, in his paper onto a YSC of three critical quantum Ising chains, 53 Alexei Tsvelik provided a remarkable realization of a two-channel version of the topological Kondo effect. 99 Upon setting γ = 0 in Eq.(11) and, at the same time, assuming that H is tuned at the quantum-critical point H = J, Eq.(11) becomes
(21) Upon defining the real-fermion vector operator Ψ j so that 
As outlined in Ref., 107 the right-hand side of Eq.(23) corresponds to the lattice version of the real-fermion realization of a two-channel Kondo model. As the details of the renormalization group flow of the running coupling, of the nature of the strongly-coupled Kondo fixed point and of possible ways of experimentally probing the Kondo physics have been largely addressed in the literature (see, for instance Refs. 85, 107, 108 ), here we just stress once more how this remarkable properties are determined by the emergence of the KF at the junction and by their interaction with the dynamical degrees of freedom of the junctions. At the same time, the topological nature of the spin operator R is witnessed by the fact that its components are nonlocal functionals of operators related to different leads of the junction, so that once one lead is disconnected, the operator itself ceases to exist as an effective quantum spin-1/2 degree of freedom. 99 For generic values of γ and H, each single-chain fermionic Hamiltonian at the right-end side of Eq.(11) may be readily diagonalized, yielding the dispersion relation 85
For generic values of the parameters, the dispersion relation in Eq.(24) is fully gapped, with the gap ∆ w = min J(1 − γ) 1 − H 2 γ 2 J 2 , |J(1 + γ) − H| . Moving along the "critical" line ∆ w = 0, one may continuously interpolate between the Y-junction of QICs and the Y-junction of XX spin chains studied in Ref. 56 In order to pertinently interpolate between the two Kondo systems discussed above, both characterized by a gapless dispersion relation of the lead fermions, one has to move along a line in parameter space on which ∆ w = 0. This is explicitly illustrated in Fig.2 . The line continuosly connecting the two-channel Kondo system at γ = 0 with the four-channel one at γ = 1 is drawn in red and while the vertical line with γ = 1 is green. Specifically, the "critical" line connecting the Ising limit γ = 0 with the fourchannel line, spanned at constant γ = 1 by varying the ratio H/(2J) between -1 and 1, satisfies the equation
with the gap closing at k = 0. An important observation is that, though, for any 0 ≤ γ < 1, H ∆ corresponds to a four-channel, spin-1/2 Kondo Hamiltonian, the condition J 2 /J 1 = γ < 1 makes the coupling to be pairwisely inequivalent. This implies that J 1 will flow towards strong coupling before J 2 . Once J 1 has flown to strong coupling, the flow of the other running coupling stops and the system behaves as a two-channel Kondo model.
Thermodynamics of the topological Kondo model
The thermodynamics of the TKM with an arbitrary number of wires M is analyzed in Ref., 51 where it is provided the complete Bethe ansatz solution for T = 0. The results for T = 0 are given in Refs., 109 . 110 We refer to Ref. 51 for details of the finite temperature Bethe ansatz solution. Here, we limit ourselves to stress the most important results for the entropy and the specific heat.
The residual entropy at zero temperature shows that the degrees of freedom introduced by the Majorana modes, contribute as
for even M and
for odd M , in both cases in agreement with the boundary conformal field theory results of. 103 The signature of the non-Fermi liquid nature of the strongly coupled fixed point is given by the next-to-leading term in the expansion of the junction free energy. As a result, the Majorana contribution to the specific heat behaves at low temperatures as 51
where the (dimensionless) Kondo temperature T K depends on the coupling between legs as
A non-integer power is a strong and experimentally detectable signature of the presence of a non-Fermi liquid fixed point. In particular, it is related to the operator content of the conformal field theory describing the fixed point at strong coupling, as explained in Ref. 111 
Josephson junction networks and junctions of spin chains
In section 2 we have shown how real-fermion Majorana modes can emerge at a YSC. Spin chain models typically provide simplified, though effective, descriptions of strongly correlated, many-body systems. A basic question to answer, when proposing a YSC as a system to probe emerging Majorana modes, is how to realize it in practice with controlled parameters. A possible answer to this question is provided by the mapping between arrays of Josephson junction chains (JJC)s with pertinently chosen parameters and quantum spin chains. [112] [113] [114] In the following we remind how the mapping works for XY model. Starting from the pioneristic work by Bradley and Doniach, 112 it is by now wellestabilished how JJCs can be well-described in terms of either classical, or quantum, spin chains, in various regions of values of their parameters. [112] [113] [114] The first relevant example is provided by a quantum XX-chain realized as a JJC with finite charging energy E Q .
One considers a chain of quantum Josephson junctions realized between superconducting grains, each one characterized by the value φ i of the local superconducting order parameter. The charge operator at grain-i is canonically conjugated to φ i and, in units of the Copper pair charge e * = 2e, it is given byQ i = −i ∂ ∂φi . Additionally, one assumes that the charge at each grain is fixed by a gate voltage V g . As a result, letting E Q , E J and N respectively be equal to the charging energy at each grain, to the Josephson coupling between nearest-neighbor grains, and to the V g -depending average charge at each grain, a uniform JJC with ℓ sites is described by the Hamiltonian 113,114
To map H JJC onto the model Hamiltonian for a quantum spin-1/2 XX-spin chain, one should assume that the JJC parameters are set so that E Q /E J ≫ 1. When N is integer, or near so, this corresponds to the so-called "charging" regime of the JJC, in which, typically, the chain behaves as a (Mott) insulator, as the Coulomb blockade, due to the large charging energy, prevents charges from tunneling from grain to grain, forbidding current transport across the chain. 112 In fact, at integer N , the Coulomb blockade is determined by the condition that the minimum energy state at each grain is nondegenerate, with total charge ∼ e * N . At variance, when N = n + 1 2 , with integer n, two different charge eigenstates, with charge equal to e * n and to e * (n + 1), are degenerate, at each site of the chain. This means that one may recover the low-energy dynamics of H JJC in Eq.(30) by only retaining those two states at each site. Accordingly, one naturally resorts to a quantum spin-1/2 re-formulation of the JJC dynamics, by defining, at each site i, the two states | ↑ i ≡ |n + 1 i , and | ↓ i = |n i , with |n + 1 i and |n i being the two charge eigenstates corresponding to charge n + 1 and n at site i.
Defining the low-energy subspace as F = ⊕ σ1,...,σ ℓ =±1 {|σ 1 1 ⊗ . . . ⊗ |σ ℓ ℓ }, one defines the spin-1/2 operators S j by projecting on F the operators at the right-hand side of Eq.(30). In particular, letting P F be the projector on F , one obtains 114
In terms of the spin-1/2 operators in Eq.(31) one then gets
where, in Eq.(32), h = E Q δ, and δ corresponds to a possible small offset in N from the exact degeneracy point, that is, N = n + 1 2 + δ. One should observe that, though states with charge at a site i different from either n, or n + 1, are ruled out from F as "high-energy" states, at finite E Q they can still play a role as virtual states, entering the mapping leading to Eq.(32) by means of higher-order contributions in E J /E Q . For instance, to first-order in E J /E Q an additional term at the right-hand side of Eq.(32) is generated, that is ∝ − 113, 114 While such a term is of great interest in view of novel phase transitions it can trigger, its analysis goes beyond the scope of this work. The previous derivation shows how a JJC with appropriate parameters may be simulated by a quantum XX-spin chain.
At variance, engineering a Josephson junction network realizing a QIC is much more challenging. In fact, Cooper-pair tunneling between superconducting grains across each Josephson junction, naturally determines an XX planar coupling, once one resorts to the spin-chain description of the JJC. In order to recover an Isinglike coupling in spin space it is required to use a Josephson junction network, where the "elementary unit" is a rhombus, made out of a single, circular, four-junction chain. 108 
Josephson junction network realization of Y-junctions of quantum spin chains
As a general observation, it is worth stressing again how, due to the optimal level of control reached on their fabrication and control parameters, Josephson junction networks provide an excellent arena to engineer reliable and largely tunable quantum devices. 115 In particular, it is by now known that highly coherent twolevel quantum systems may emerge at pertinently engineered Josephson junction rhombi chains. 116, 117 More generally, it is well estabilished how a Josephson junction rhombi chain is able to induce charge 4e superconducting correlations, [118] [119] [120] in the bulk as well as at a tunneling process across a quantum impurity. 116, 117, 121 Once one has set the mapping between a Josephson junction rhombi chain and a QIC, three Josephson junction rhombi chains may be glued together into a Y-junction, as shown in Ref., 108 thus providing the JJC realization of Tsvelik's YSC. Given the mapping between pertinent Josephson junction networks and quantum spin chains (XX-spin chains or QICs), one expects to translate all the observations concerning the emergence of Majorana modes at a YSC to Y-junctions realized with appropriate Josephson junction networks. To illustrate how the task can be achieved, one begins with a Y-junction of JJCs such as the ones described in Eq.(30). One considers three chains, described by the Hamiltonian H 
with φ j,a being the phase of the superconducting grain j of chain α and −i ∂ ∂φj,α being the corresponding charge operator. The three chains are connected at one of their endpoints, say j = 1, to the other two chains by means of a Josephson coupling term H J , given by 56
Assuming that the parameters are all the same in the "bulk" of each chain, one may undergo through the same projection onto the joint low-energy subspace of the three chains, thus resorting to an effective, spin-1/2 quantum spin chain description of the network. As a result, setting N =N
Then one obtains that the whole junction (the set of the three JJCs plus the coupling at the endpoints of the chains) is described by the Hamiltonian H junction , given by
with J ∆ /E J < 1, that is, the Hamiltonian of a YSC in the isotropic case γ = 1. One may construct a YSC of quantum Ising chains, as illustrated in, 108 by considering three equal rhombi chains described by the Hamiltonian H (3) m given by
To effectively make a Y-junction, one assumes the existence of Josephson couplings with strength J between sites number 2 of the endpoint-rhombus of each chain, described by the Hamiltonian H MB;J given by
One then projects with P G the total Hamiltonian H
m + H MB;J . As a result, one gets the Hamiltonian H Y , given by
with
and
} is a boundary magnetic field term which does not affect the behavior of the system. Apart for this term (and for a change in sign of J x ), the Hamiltonian in Eqs.(38)-(39) is exactly the one describing the YSC of QICs introduced before.
Ultracold atoms and junctions of spin chains
In order to implement a Y -junction with cold atomic systems, 122 one has to recall that:
1 a Tonks-Girardeau (TG) gas of one-dimensional bosons on a Y -junction is a physical realization of the XX model on the Y -junction itself -and therefore can be mapped via the JW transformation of Section 2 in the TKM Hamiltonian; 2 TG gases of ultracold bosons have been implemented in several experiments; 123 3 Stable Y -configurations may be created by holographic techniques, as experimentally shown in. 122 For our purpose here, one should focus only on point 1) and show that (15) may be obtained from a model Hamiltonian for interacting bosons in the TG limit, confined to M one-dimensional waveguides arranged in a Y -junction.
In each waveguide α = 1, · · · , M the Lieb-Lininger Hamiltonian describing interacting bosons in one-dimensional guides of length L reads: [124] [125] [126] 
The parameter m is the mass of the bosons and c > 0 is the repulsion strength, as determined by the s-wave scattering length. 127 The bosonic fields Ψ α satisfy canonical commutation relations Ψ α (x), Ψ † α (y) = δ(x − y). The coupling of the Lieb-Lininger Hamiltonian, denoted by γ, is proportional to c/n where n ≡ N /L is the density of bosons and N is the number of bosons per waveguide. More specifically one has γ = mc/ 2 n. The limit of vanishing γ corresponds to an ideal one-dimensional Bose gas, while the limit of infinite γ corresponds to the TG gas, 128, 129 which generally has the expectation values and thermodynamic quantities of a one-dimensional ideal Fermi gas. 123, 126, 130, 131 The experimental realization of the TG gas with cold atoms 132, 133 triggered intense activity in the last decade, reviewed in. 123, 130, 131 One considers M copies of this one-dimensional Bose gas and joins them together by the ends of the segments, in such a way that the bosons can tunnel from one waveguide to the others. The bosonic fields in different legs commute:
and the total Hamiltonian has the form H = M α=1 H (α) + H J where the junction term H J describes the tunneling process among legs.
As a tool for performing computations, as well as to give a precise meaning to the tunneling processes at the edges of the legs, in each leg we discretize space into a lattice of L sites with lattice spacing a (where La = L and the total number of sites N S of the star lattice is N S ≡ LM ). This discretization can be physically realized by superimposing optical lattices on the legs. 134 One can then perform a tight-binding approximation 135, 136 and write the bosonic fields as Ψ α (x) = α,j w α,j (x) b α,j where b α,j is the operator destroying a particle in the site j = 1, · · · , L of the leg α and w α,j (x) is the appropriate Wannier wavefunction localized in the same site.
The resulting lattice Bose-Hubbard Hamiltonian on each leg then reads 135, 137 H (α)
where the interaction coefficient is U = c |w α (x)| 4 dx (α = 1, · · · , L), the hopping coefficient is t = − w α,jT w α,j+1 dx with α = 1, · · · , L − 1, andT = −( 2 /2m)∂ 2 /∂x 2 is the kinetic energy operator. The total lattice Hamiltonian for a Y junction of atomic condensates is obtained by taking 3 copies of the system, connected to one another by a hopping term. The total Hamiltonian is then written as:
where the junction term has the form
with λ being the hopping between the first site of a leg and the first sites of the others. Typically one has λ > 0, which corresponds to an antiferromagnetic Kondo model, as shown in the following. Nevertheless, we observe that the sign of t and λ could be changed by shaking the trap. 138 The total number of bosons in the system, N = N L, is a conserved quantity in the lattice model and can be tuned in experiments. In the canonical ensemble N = α,j b † α,j b α,j . The phase diagram of the bulk Hamiltonian (41) in each leg undergoes quantum phase transitions between superfluid and Mott insulating phases: 139 notice that in the canonical ensemble the system is superfluid as soon as the filling N/N S is not integer.
One is interested in the limit U → ∞, so that after the continuous limit is taken back again, the TG gas is retrieved in the bulk. It is well known that this limit brings substantial simplifications in the computation: it was shown in 140 that, on each leg, the spectrum and the scattering matrix are equivalent to a system of spins in the s = 1/2 representation. As customary, one may map the hard-core bosons to 1/2 spins. The Hamiltonian (42) written in spin variables is given by
which coincides with a junction of XX-type spin chains. 56 Now one can proceed exactly as in Section 2, finding an Hamiltonian of the form (3) 
In conclusion, one has mapped the Hamiltonian (45), acting on N S spin variables, onto another one, defined in terms of N S spinless fermionic degrees of freedom plus one Klein factor per leg. In other words, the hard-core boson Hamiltonian (42) in the limit U → ∞ is mapped onto the fermionic Hamiltonian (46), given by the sum of non-interacting wires and the highly nontrivial junction term H J . The Fermi energy of the non-interacting fermions in (each of) the external wires is denoted by E F . It should be remarked that the only mechanism in which the topological protection of the degree of freedom encoded in the Majorana modes can be spoiled is the loss of bosonic atoms by the trap. With our parameters, we found this probability negligible on the time scales needed for the experiment, since the energy barrier for the atom loss is ∼ 500 nK, much larger than the typical Fermi energy of the TG gases.
Concluding remarks
We argued that a pertinent modification of a remarkable result obtained in the seventies by Roman Jackiw and collaborators 1,2 opened the avenue to consistently deal with non-local effects in field theories of relevant condensed matter systems.
In this paper we dealt with these non-local effects in spin models relevant for the study of the multi-channel Kondo effect. One advantage of these Kondo models is that the perfect symmetry of the couplings of the various channels with the spin impurity is guaranteed by a topological degeneracy and thus robust against decoherence. The topological Kondo effect stems from the interaction of localized Majorana modes with external 1D channels arranged in a pertinent graph geometry.
We considered the simple case of star-like geometries on which XX and XY spin models were defined. We showed how, from these models, the four-and two-channel Kondo models emerge.
We finally showed how these topological Kondo Models may be realized in Josephson Junction arrays and networks of Tonks-Girardeau gases.
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